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Abstract
We calculate the ratio of shear viscosity to entropy density for a black brane of
5-dimensional Einstein-Yang-Mills Gravity by Kubo and membrane paradigm meth-
ods. The former gives 14pi exactly which is an expected result in the context of the
Einstein-Hilbert gravity. In contrast, the membrane paradigm reaches 14pi only in large
horizon radius limit. We comment on this discrepancy.
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1 Introduction
AdS/CFT duality introduced by Maldacena [1, 2, 3, 4] relates two kinds of theories:
gravity in (n+1)-dimension and field theory in n-dimension. The most familiar ex-
ample, the AdS/CFT duality asserts that SU(N) N = 4 Super Yang-Mills (SYM)
theory is dual to Type IIB string theory on AdS5 × S5. There’s no way to solve the
strongly coupled field theories either analytically or perturbatively. AdS/CFT duality
is a technique to overcome this problem. By using this duality, we can translate the
strongly coupled field theory into a weakly gravitational theory and vice versa. In the
long wavelength limit this duality leads to fluid/gravity duality [5, 6, 7]. Any fluid is
characterized by some transport coefficients. These coefficients identify the underlying
microscopic properties of fluids which in turn rooted in the field theory interactions
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at strong coupling. So the fluid/gravity duality would be a proper tool to calculate
these coefficients. In this work, our interest is the shear viscosity, one of the transport
coefficients. The conservation of energy and momentum in relativistic Hydrodynamics
is as follows [8, 9],
∇µT µν = 0, (1)
T µν = (ρ+ p)uµuν + pgµν . (2)
Note that the term “relativistic fluid” doesn’t mean the fluid is necessarily moves
near the speed of light. However, the Lorentz symmetry preserves in the relativis-
tic fluid [9]. If there is a chemical potential in the system we have also a current
conservation,
∇µJµ = 0, (3)
Jµ = ρ uµ. (4)
One can introduce a parameter expansion ε =
lmfp
L
, where lmfp and L are the mean
free path and the characterized length of system or the scale for the field fluctuations,
respectively. The scale of field variations has to be large compared to the mean free
path, lmfp ≪ L, for the validity of hydrodynamics regime. We know that the regime
where the fluid is valid corresponds to a theory with large AdS black holes. We can
expand the energy-momentum tensor in terms of ε when it is smaller than 1 [6, 7].
T µν = (ρ+ p)uµuν + pgµν − σµν (5)
σµν = PµαP νβ[η(∇αuβ +∇βuα) + (ζ − 2
3
η)gαβ∇.u] (6)
Pµν = gµν + uµuν .
where η and ζ are shear and bulk viscosities, respectively.
There are different methods for calculating shear viscosity such as: boosted black
brane, membrane paradigm and Green-Kubo formula [10]. Two latter formalisms are
used in this article. In the Green-Kubo formula approach, transport coefficients of
plasma are related to their thermal correlators. The Green-Kubo formula derived from
linear response theory [11, 12, 13] can be expressed as,
η = lim
ω→0
1
2ω
∫
dt d~x eiωt
〈
[T xy (x), T
x
y (0)]
〉
= − lim
ω→ 0
1
ω
ℑGx xy y (ω,~0). (7)
The ratio of shear viscosity to entropy density is proportional to the inverse square
coupling of quantum thermal field theory,
η
s
∼ 1
λ2
(8)
where λ is the coupling constant of field theory. In particular, the stronger the coupling,
the weaker the shear viscosity per entropy density. In theories with Einstein gravity
duals, even in the limit of infinite coupling the ratio η
s
saturates the bound 14pi [6] and
only for higher derivative gravities it may violate the bound.
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In the following, we review the black brane in the Einstein-Yang-Mills theory. Then
calculate the shear viscosity to the entropy density ratio by two methods of the Green-
Kubo formula and the membrane paradigm and compare the results. While by the
Green-Kubo the ratio is found to be exactly 14pi , the membrane paradigm reaches this
value only at large black hole limit which is the correct hydrodynamic limit of the
theory.
2 Black Brane in 5-d Einstein-Yang-Mills Grav-
ity
Consider the Einstein-Yang-Mills action,
S =
∫
d5x
√−g(R+ 12
l2
− γabF (a)µν F (b) µν), (9)
where R is the Ricci scalar, l the AdS radius and F
(a)
µν the SO(5, 1) Yang-Mills gauge
field tensor [14],
F (a)µν = ∂µA
(a)
ν − ∂νA(a)µ +
1
2e
CabcA
(b)
µ A
(c)
ν a = 1, 2, ..., N, (10)
in which e is the gauge coupling constant, C’s are the gauge group structure constants
and A
(a)
ν ’s the gauge potentials.
The metric tensor of the gauge group is,
γab = − Γab
|det Γab|
1
N
,
Γab = C
c
adC
d
bc , |det Γab| > 0.
Variation of the action (9) with respect to the spacetime metric gµν and the gauge
potential A
(a)
ν yields,
Gµν + Λgµν = 8πTµν , (11)
F (a)µν;ν = j
(a)µ, (12)
where the gauge current and the stress-energy tensor carried by the gauge fields are as
follows,
Tµν =
1
4π
γab(F
(a)λ
µ F
(b)
νλ −
1
4
F (a)λσF
(b)
λσ gµν), (13)
j(a)ν =
1
e
CabcA
(b)
µ F
(c)µν . (14)
The invariant scalar F ≡ γabF (a)λσF (b)λσ for the YM fields is,
FYM = 6e
2
r4
. (15)
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So that, the solution for this action will be as below [14],
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ2k, (16)
where,
f(r) = k − 3m
r2
− 2e
2 ln r
r2
+
r2
l2
. (17)
When k = −1 we have topological black hole, dΩ2k=−1 = dΣ23 = dθ2 + sinh2 θ (dϕ2 +
sinh2 ϕdψ2). If k = 1 and for a small portion of the solid angle we have black brane,
dΩ2k=1 =
1
l2
d~x2 = 1
l2
(dx21 + dx
2
2 + dx
2
3).
This is a black brane with mass related to parameter m and YM charge e. Event
horizon is where grr(r) = 0. Topology of this black brane is R ×M4 where M4 is
a 4-dimensional manifold with constant positive curvature. The horizon radius r+ is
obtained as follows,
f(r = r+) = 1− 3m
r2+
− 2e
2 ln r+
r2+
+
r2+
l2
= 0
Here m is replaced in favor of other constants,
3m =
r4+
l2
+ r2+ − 2e2 ln r+ (18)
f(r) = 1− 1
r2
(
r4+
l2
+ r2+ − 2e2 ln r+)−
2e2 ln r
r2
+
r2
l2
. (19)
Hawking temperature is defined by,
T =
κ(rh)
2π
=
1
2π
√
grr
d
dr
√
gtt|r=rh =
1
4π
√
grrgtt
∂rgtt|r=rh
=
1
4π
∂rgtt|r=rh =
1
4π
∂rf(r)|r=rh
(20)
where, κ(rh) is the surface gravity on the event horizon. In our case temperature is,
T =
1
4π
∂rf(r)|r=r+ =
2r4+ + l
2(r2+ − e2)
2π r3+l
2
. (21)
For large r+, the temperature is,
T =
r+
πl2
. (22)
The entropy can be found by using Hawking-Bekenstein formula [15],
A =
∫
d3x
√−g|r=r+,t=cte =
r3+V3
l3
S =
A
4G
=
r3+V3
4l3G
s =
S
V3
=
4πr3+
l3
(23)
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where V3 is the volume of the constant t and r hyper-surface with radius r+ and in the
last line we used 116piG = 1 so
1
4G = 4π.
Notice r is the radial coordinate that put us from bulk to boundary. In the following
we apply dimensionless variable u instead of r, that is u = ( r+
r
)2 , then
f(r) = 1− 1
r2
(
r4+
l2
+ r2+ − 2e2 ln r+)−
2e2 ln r
r2
+
r2
l2
, (24)
in terms of u it found to be
f(u) = 1− u− ur
2
+
l2
+
r2+
ul2
+
e2 u lnu
r2+
. (25)
So that,
ds2 = −f(u)dt2 + r
2
+du
2
4u3f(u)
+
r2+
l2u
d~x2
= − r
2
+
u l2
F (u)dt2 +
l2du2
4u2F (u)
+
r2+
l2u
d~x2
≡ guudu2 + gµνdxµdxν
(26)
with µ, ν = 0, .., 3 and F (u) as below,
F (u) = [1− u2 + ul
2
r2+
− u
2l2
r2+
+
e2u2l2 lnu
r4+
]. (27)
We use the metric (26) for calculating shear viscosity. The background metric can
be perturbed as gµν → gµν + hµν [15, 16, 17]. Considering the abbreviation hµν ≡ φ,
the mode equation is found to be,
1√−g ∂u(
√−gguu∂uφ(t, u, ~x)) + gµν∂µ∂νφ(t, u, ~x) = 0, (28)
Now we apply Fourier transformation from (t, ~x) to kµ = (ω,~k) in Eq.(28). Then
ignoring the spatial momentum for simplicity, that is setting ~k = 0 in the Green-Kubo
formula, we have,
1√−g ∂u(
√−gguu∂uφ)− gttω2φ = 0. (29)
Then introducing φ = G(u)φ0(t, ~x) where φ0(t, ~x) is the source for both graviton in
the bulk and the stress tensor on the boundary, we will get,
d2G(u)
du2
+ (
F ′(u)
F (u)
− 1
u
)
dG(u)
du
+
l4ω2
4u r2+ F (u)
2
G(u) = 0, (30)
with F ′(u) ≡ d
du
F (u).
The long wavelength dynamics of strongly coupled field at boundary can be described
in terms of the near horizon data of the black brane solution in the bulk space-time.
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Therefore, we solve the mode equation close to the horizon using the following approx-
imation in the near horizon limit,
ln(u)|u≈1 ≈ u− 1
F (u) ≈ (1− u)[1 + u+ ul
2
r2+
− e
2u2l2
r4+
]. (31)
Substituting Eq.(31) into the mode equation (30) gives us,
d2
du2
G(u)− 1
1− u
d
du
G(u) +
ω2l4
4r2+(1− u)2(2 + l2r2
+
− e2l2
r4
+
)2
G(u) = 0. (32)
The above equation has a solution in the form of G(u) = (1− u)β . By putting this
ansatz into the Eq.(32) we can obtain β,
β = ± Iω l
2r3+
2 (2r4+ + l
2r2+ − e2l2)
=
±Iω
4πT
= ±I̟
2
, ̟ =
ω
2πT
(33)
where T is the Hawking temperature.
Retarded Green’s function on the boundary corresponds to the ingoing mode of near
horizon. Due to event horizon properties the outgoing mode doesn’t exist. Putting
the outgoing solution aside we consider the following ansatz for the mode equation
Eq.(30),
G(u) = F (u)
−I̟
2 (h0(u) +
I̟
2
h1(u) +O(̟
2)). (34)
Since we want to normalize G(u) on the boundary, we choose h0(u) = 1. So that,
G(u) = F (u)
−I̟
2 (1 +
I̟
2
h1(u) +O(̟
2)). (35)
Substituting in Eq. (30), we find for the first order of ̟,
h′′1 +
(
F ′
F
− 1
u
)
h′1 −
F ′′
F
+
1
u
F ′
F
= 0 (36)
This is equivalent to (
F
u
h′1 −
F ′
u
)
′
= 0 (37)
Thus
F
u
h′1 −
F ′
u
= C1 (38)
h1 = log
F
C2
+ C1
∫ u u
F
du (39)
where C1 and C2 are integration constants. The integration in the last line is not
elementary. However, by investigating the near horizon behavior, we can determine C1
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such that h1 has a regular form at the horizon u = 1. Using the approximation in (31)
one finds,
h1 ≈ log
(1− u)[1 + u+ ul2
r2
+
− e2u2l2
r4
+
]
C2
− C1r+
4πT l2
(3 + l
2
r2
+
)
B
log
B − 1 + 2e2l2
r4
+
u− l2
r2
+
B + 1− 2e2l2
r4
+
u+ l
2
r2
+
− C1r+
4πT l2
log
(1− u)2
−1− u− ul2
r2
+
+ u
2e2l2
r4
+
(40)
in which
B =
√
1 + 6
l2
r2+
+
l4
r4+
+ 4
e2l2
r4+
Now taking
C1 =
2πl2
r+
T (41)
guarantees that h1 is regular at u = 1.
The prescription for calculation of retarded Green’s function is presented by Son
[18, 19]. We calculate retarded Green’s function by this prescription as follows:
Gxxyy (ω,~0) = −
√−gguuG∗(u) ∂uG(u)|u→0
=
Ir4+̟
ℓ5
[
F ′
u
− Fh
′
u
]
|u→0
= − I ω r
4
+
2π T l5
C1 = −
I ω r3+
l3
(42)
where in the last line Eq.(38) was used.
Now we can calculate shear viscosity by using Green-Kubo formula [17],
η = − lim
ω→0
1
ω
ℑGxxyy (ω,~0) =
r3+
l3
(43)
Then the ratio of shear viscosity to entropy density is,
η
s
=
1
4π
. (44)
This exactly saturates the conjectured bound and agrees with [17].
3 Membrane Paradigm Method
Now we calculate shear viscosity to entropy density via membrane paradigm method.
Consider the metric as follow
ds2 = G00(r)dt
2 +Grr(r)dr
2 +Gxx(r)
p∑
i=1
(dxi)2 + Z(r)Kmn(y)dy
mdyn (45)
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The formula for η
s
was summarized by [19] as
η
s
= T
√−G(r+)√−G00(r+)Grr(r+)
∫
∞
r+
−G00(r)Grr(r)
Gxx(r)
√−G(r)dr. (46)
By considering the metric Eq.(16) and applying Eq.(46) we have,
η
s
= T l2r3+
∫
∞
r+
dr
r5
=
T l2
4r+
=
1
4π
[1 +
l2(r2+ − e2)
2r4+
] (47)
In hydrodynamics limit we should consider large r+,
η
s
≈ 1
4π
. (48)
Comparing Eq. (48) with the Green-Kubo result in Eq. (44) shows that two results
agree in hydrodynamics regime or the large r+ limit.
Of course there is another route to calculate the ratio in the context of membrane
paradigm [25]. This gives exactly 14pi and its approach is closer in spirit to the Kubo
formalism.
4 Conclusion
We showed that the lower bound of the ratio η/s preserves for EYM black brane. This
bound is known as KSS conjecture [17] and considered for strongly interacting systems
where reliable theoretical estimate of the viscosity is not available. It tells us that the
ratio η/s has a lower bound, η
s
≥ ~4pi kB , for all relativistic quantum field theories at
finite temperature without chemical potential [4, 15, 17] and can be interpreted as the
Heisenberg uncertainty principle [15].
However it is well-known that η/s for those theories with an Einstein gravity dual
saturates the bound (i.e. η/s = 1/4π). This was firstly pointed out in [17] by noticing
that the metric perturbation which was used to find the viscosity on the boundary
obeys a minimally coupled massless scalar equation. Thus the viscosity is the same as
the scalar absorption cross section which in turn, at low frequencies, is found to be the
horizon area. On the other hand the horizon area is proportional to the entropy, so
the viscosity to entropy ratio is found to be constant 1/4π. Of course this result gets
modification and the bound is violated in the case of higher derivative gravities like
the Gauss-Bonnet gravity [22, 23, 24].
In this article, the ratio η/s was calculated from two different approaches, the
Green-Kubo formula and the membrane paradigm integral formula. The former gives
1/4π exactly, while the latter reaches 1/4π in the large r+ limit. This limit corresponds
to large black holes where the hydrodynamic limit is valid for the corresponding field
theory. It is worth to comment on this discrepancy between two approaches. As
explained in [26] the underlying symmetry for deriving the universal result of η/s =
1/4π is the Poincare invariance of the background which can be implemented by the
equation Rtt +Rxx = 0. In our case, this condition is not satisfied by (16). Indeed we
used small solid angle or large r+ radius approximation to convert the black hole in (16)
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into a membrane with Poincare invariance as needed for a hydrodynamic description.
The curios point is that the Kubo formula does not depend on the details of the black
hole or black brane solution while the membrane paradigm integral formula, as our
analysis reveals, is sensitive to the details of the solution. As mentioned before there is
an alternative membrane paradigm method given in [25] by which η/s = 1/4π result
can be achieved exactly. In this latter method, instead of taking an integral from
horizon to the boundary, viscosity can be found by geometric properties at the horizon
and in some sense is in spirit of the Kubo formula with the same exact result 1.
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